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Abstract 

We consider a dark energy model with a relation between the equation of state parameter w and 
the energy density parameter derived for general thawing models. Assuming the variation of the 
fine structure constant is caused by dark energy, we use the observational data of the variation of 
the fine structure constant to constrain the current value of wq and ^1,^0 for the dark energy model. 
At the la level, the observational data excluded some areas around wq = —1, which explains the 
positive detection of the variation of the fine structure constant at the la level, but ACDM model 
is consistent with the data at 2a level. 
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I. INTRODUCTION 

The observations of type la supernovae in 1998 

HQ 

found that the universe is expe- 
riencing an accelerating expansion. To explain the cosmic acceleration, an exotic energy 
with negative pressure which contributes approximately 70% of the energy density in the 
universe was introduced to the matter component. This exotic energy component is called 
dark energy. For a recent review of dark energy, please see Ref . [3i] . We usually use a mini- 
mally coupled scalar field with positive kinetic energy term to model the quintessence 4t6|, 
and a minimally coupled scalar field with negative kinetic energy term to model the phan- 
tom [7]. For a scalar field with a nearly flat potential, approximate relations between the 
equation of state parameter w = p/ p and the energy density parameter VL^ can be obtained 
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33| . By using this generic relation, more general dark energy models can be derived 



from known models with fi^, and the derived dark energy models can be approximated by 



the Chevallier-Polarski-Linder (CPL) parametrization ll|, ll2j. In this paper, we focus on 
the thawing models with nearly fiat potentials with a starting value of w that is close to, 
but not exactly equal to -1 at early times |l3| . 

Fundamental constants like the fine structure constant a = /he play important roles 
in physics. The variation of the fine structure constant a with time produce shifts in the 



molecular spectra 



14| . So observations of molecular spectra in high redshift objects can 



track the value of the fundamental constant in the early universe. It is possible that the 



variation of the fine structure constant a is caused 
dark energy and the electromagnetic field strength 



jy the non-minimally coupling between 



15!]. The measurements of the values of 



the fundamental constant throughout the history of the universe provide strong constraints 



A lot of efforts have been made to measure the variation 
. These observations can be used to test cosmological 



on the property of dark energy [16 
of the fundamental constants [17- 
model Q- 

In this paper, we use the observational data on the variation of the fine structure constant 
Aa /a to constrain the property of dark energy. The paper is organized as follows. In section 
2, we review the generic relationship between w and Vt^ for both quintessence and phantom 
fields satisfying the slow-roll conditions. In section 3, we relate the variation of the fine 
structure constant Aa/a with the thawing scalar field. In section 4, we derive the thawing 
dark energy model and apply the observational data to constrain the model. The conclusions 
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are drawn in section 5. 



II. SLOW-ROLL SCALAR FIELDS 



Taking w to be the ratio of pressure to energy density of the dark energy, 

yj = Pde/pde, (1) 



models for which w > —1 are called quintessence 



and models with w < —1 are called 



phantom Freezing models start with the equation of state parameter w different from 
-1 at early times and approaching -1 at the present time while thawing models start with w 
close to -1 at early times and deviate from -1 at the present epoch \13\. In this paper, we 
use a scalar field to model dark energy. 

A. Quintessence 

For the quintessence models, we assume that dark energy is provided by a minimally 
coupled scalar field 0. The pressure and energy density of the scalar field are given by 

p<^ = Y-n</>), (2) 



and 



p* = Y + m- (3) 



The equation of motion of the scalr field is given by 

^ + 3i/^+| = 0. (4) 
where the Hubble parameter H is given by 

H = - = K (5) 



Here a is the scale factor, p is the total energy density and = SttG. We consider the 
spatially fiat model only throughout the paper. 
If the scalar field satisfies the slow-roll conditions: 

, 1 dV^^ ^ l<fV ^ 



then a generic relationship between w and the energy density = k'^p^/3H^ for general 



quintessence was found js. 10|]. 



1 + w 



^0 



1 (tanh-^ + C) 



(7) 



where the integration constant C is determined by the initial values Wi and n<^i -C 1 [10| 

_a/3(1 + uji)Q^i 



C 



Ao 



(8) 



For simplicity, we neglect the early dark energy and take C = which corresponds to the 
thawing models. In terms of the current values Wq and f2^0) we get 



An 



^^o' -(^00 -l)tanh-i(v^ 
Substituting Eq. ([9]) for Aq into Eq. ((Tj), we get 

1 



(9) 



00 J 



1 + w = (1 + Wo) 



- (^]^o - 1) tanh"^ 



00 



X 



1 



1 I tanh'^(^/^h 



(10) 



Note that the above result does not depend on the specific form of the potential V{(f)) 
and holds for general potentials satisfying the slow-roll conditions Once a potential 
V{(f)) is given, we can solve the coupled cosmological equations to find the equation of state 
parameter w for the scalar field. However, with the result ffTOj) . we can get the function w{z) 
from without specifying the potential V{(f)). In other words, instead of specifying V{(j)), 
we use to obtain the equation of state w{z) for the scalar field 0, and it provides us with 
a particular model for w{a) by this way. 



B. Phantom 

For the phantom model, we consider a scalar field with negative kinetic term and 
potential V"(0), the energy density and pressure of the phantom are given by 

P0 = -Y + m, (11) 
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and 



so that the equation of state parameter is 

0' + 2V(0) 

02 - 21^(0) ■ 



w 



The evolution of (j) is given by 



• dV 
+ ?,H(p - — = 0. 



Similarly, for the phantom field satisfying the slow-roll conditions, we get [9| 

r 1 /I \ , _ f 

1 + w - " 



L=-(i--l)(tanh-v/n; + C) 



(12) 



(13) 



(14) 



(15) 



Again, we consider the case C = for simplicity. Expressing Aq in terms of Wq and VL^q, 
the result between w and VL^ for the phantom is the same as that for quintessence given by 
equation ( ITOi) . 



III. THE VARIATION OF FUNDAMENTAL CONSTANTS 



For realistic dark energy models, the scalar field should couple to other matter components 
in the universe. Here we consider the coupling between the scalar field and photon with the 
interaction |l^, 

(16) 



where Bf{4>) 
10"^ - 10-^ 
field, 



So 



3G, 



and the coupling constant is constrained to be 



3l| . Due to the coupling, the fine structure a will evolve with the scalar 
Aa a — ao 



a 



"0 



CaK(0 - 0o)- 



— = Qal^(p , 

a 



where a' = da/ din a = a/H. On the other hand, 

02 (fi:0')2 



\w + 1 



(17) 



(18) 



(19) 



where cf)' = d(l)/d\na = 4>/H. Substituting equation (ITSll into equation (|T9l) . we get jl^ 

{a'/ay = 3C\w + l\n^. (20) 

Therefore, 



Aa 



a 



3Qn^{x)\w{x) + l\d\nx 



■(1 + zy' ^3QQ^{z)\w{z) + l)\dz. 



(21) 



For a model with known w{z), we can solve the cosmological equations to get Q^j, and then 
calculate the variation of the fine structure constant Aa/a. 
If 



get 



is given, substituting equation ( JTOj) with the fi,/, into the above equation ( |2T|) . we 
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Aa 



a 



X 



V3a|l + w;o 
1 + ^)-^ 



1 



{ni^ - 1) tanh"^ y/Q 



1 - ( n-^'^ - ^) tanh-^( V^) 



dz. 



(22) 



IV. COSMOLOGICAL CONSTRAINTS 



Now we apply the observational data on Aa /a to constrain the property of dark energy. 
The data sample consists of 151 absorbers of quasar absorption-line spectra obtained using 
the Ultraviolet and Visual Echelle Spectrograph on the Very Large Telescope in Chile 24 1, 
and 140 absorbers obtained with the Keck telescope at the Keck Observatory in Hawaii 25 |. 
We apply the statistics to the 291 data |24l. |25| . 



X 



E 



{Aa/a)th,i - {Aa/a)obs,i 



n 2 



(23) 



where the subscripts "t/i" and "o6s" stand for the theoretically predicted value and observed 
ones respectively. The theoretical value of Aa/a is calculated by equation (12T!) or (1221) . Since 



Aa/a is proportional to a/Cq 1 1 + "M^o I ? so the positive detection of the variation of the fine 
structure constant means that dark energy is not a cosmological constant. However, if the 
variation of a is not due to dark energy, then the above conclusion does not hold. By 
neglecting the recent dark energy domination, an analytic expression for the behavior of a 
was proposed |32| . 

Aa 

= -4eln(l + z), 

a 
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(24) 



where e gives the magnitude of the variation. In order to get the best-fit result of the 
parameter e in equation fl2^ . we apply the statistics to the 291 /\a/a observational 
data. The la constraint on e is e = (4.2 ± 2.3) x 10^'' with = 296.48. By using the 
best-fit value of e, we plot the variation of Aa/a in figure [T] If we choose e = which 
corresponds to the model with Aa/a = 0, we get = 299.82. The model with no variation 
of the fine structure is consistent with the data at the 2a level. It is clear that a varies 
with redshift at the la level. In the following, we apply the data to constrain dark energy 
models. 




FIG. 1: The 291 Aa/a observational data 2J, |25|. The solid line is the evolution of Aa/a as a 
function of z with equation ()24p for the best fitting value e = 4.2 x 10^''. The dashed line is the 
horizonal line indicating no variation of Aa/a. 



If w is near —1, then Q^p can be approximated with ACDM model js], [sj 



1 



1 + i^so - 1; 



Substituting equation ( l25l) into equation ( fTOj) . we get js, 9| 

1 



w{a) = -1 + (1 + Wo) 



- {Q^^ - l)tanh-^ 



'00 



1 + (fi^o' - - (^^0 - l)a-=^tanh-^[l + {Q-^ - l)a~'r'/' 



(25) 



(26) 



In other words, we consider the dark energy model [8|, |9|] with w{a) given by equation ( ]26|1 
and the model is different from ACDM model because w{z) ^ —1. Taking Taylor expansion 



of w{a) around a = 1, the model can be approximated as the CPL parametrization at low 
redshift with the degeneracy relationship 

n-^' J' - y/iy - (17^0^ - 1) tanh-^( y/n; 



Wa = Q{l + wo) ^ — , • (27) 



If we take Q^q = 0.7, then we get Wa = — 1.42(1 + wo) which is consistent with the numerical 
result ~ —1.5(1 + ) obtained in . Note that we derived the analytical expression 
for Wa in terms of both Q^q and Wq. With this explicit degeneracy relation, the CPL 
)arametrization can be used to give tighter constraints on Q^q and Wq. Following Ref. 



14| . we consider the model (127|) and substitute equation (12^ into equation (122]) to get the 



change of the fine structure constant. By using the observational data, we get constraints on 
logiolVColl + 'WoD a-iid and the results are shown in Figure [2l The best fitting results 
are logio( VCa|l + ^o|) = -4-77 and fi^o = 0.05 with = 293.97. At the la level, 



reaches the physical boundaries and 1, and logio(A/Ca|l + wo|) = — 4.77^q;43. "^^ ^ake the 
observational value ^,^0 = 0.72 [34], then the la constraint is logio(A/Ca|l + ^o|) = —5.5 
with = 294.32. It is clear that the data is not sensitive to fi^o and bigger value of C l\l +Wn 



0.1 
0.3 



is needed to compensate smaller Q^q. Taking the observational value |l + t(7o| = 0.02 [3J], the 
best fitting (a is roughly equal to 1 x 10^^. By using the best fitting value \(a\ = 1 x 10~^, 
and the priors —2.0 ^ wo ^ —0.3 and 0.05 ^ fi^o ^ 0.99, we get constraints on wq and fi^o, 
and the best fitting values are fi^o = 0.13 and Wq = —2.0 with = 293.99. Figure [2] shows 
the la and 2a contours on Q^q and Wq. 



V. CONCLUSIONS 



Starting with a generic relationship f IlOp between w and for general thawing models, 
we discussed the dark energy model with varying w{z) by using Q^p from ACDM. Since at the 
la level, the fine structure constant is found to vary with redshift according to — 4eln(l + z) 
as shown in Figure [1], so we apply the data of Aa /a to constrain the property of thawing 
models with the assumption that the variation of the fine structure constant is caused by 
dark energy. 

The variation of the fine structure constant Aa/a is proportional to the coupling constant 
(a by the factor a/ Cq 1 1 + w\, so there are three parameters (a, wo and ^I^q to be fitted. 
However, the data only constrains fi^o and ^yC^\l + Wq\. If we can determine the values of 
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0.05 0.25 0.45 0.65 0.85 

FIG. 2: The Icr and 2cr contours on the dark energy model with w{z) given by equation (j26p . 
Dark gray and hght gray areas show the la and 2a contours, respectively. The contours between 
Q(f,Q and wq in the right panel were obtained by fixing = 1 x 10"^. 

Wq and Q(f,Q from other astronomical observations, then the 291 data of Aa/a can be used 
to constrain the coupUng constant (a- If we take the observational values fi^o = 0.72 and 
|1 + wo\ = 0.02, we get the best fitting value \(a\ = 1 x 10~^. Because Aa/a is proportional 
to a/Cq|1 + wq\, so a/Cq|1 + Wol determines the magnitude of Aa/a and is independent of 
the variation of Aa/a with redshift, we need to find other ways to break the the degeneracy 
between (a and Wq. A bigger value of |1 + Wo| is needed if smaller value of (a is chosen, 
that is the reason why the best-fit value of wq approaches the cut-off value wq = —2 and 
the best-fit value of ^,^0 is small. However, the value of does not change much when 
we choose the observational values |1 + i^ol = 0.02 and Q^q = 0.72 instead of the best-fit 
values obtained here. Due to the big uncertainties of the measurements, the observational 
constraints are not tight. The 291 data of Aa/a excluded some areas around Wq = —1 at 
the la level, Wq is unbounded from below for phantom fields and unbounded from above for 
quintessence fields. Because wq = —1 gives Aa/a = 0, so positive detection of the variation 
of the fine structure at the la level means Wq ^ —1 at the la level. That is why we get an 
excluded area around Wq = —1. However, ACDM model is consistent with the data at 2a 
level. 
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